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ON CANONICAL ELEMENTS
F.E. BURSTALL
Abstract. We characterise the canonical elements, in the sense of Burstall–Rawnsley [3], of a compact
semisimple Lie algebra and discuss the case of so(n) in detail. In so doing, we correct two errors in
Burstall et al. [1].
1. Introduction
Let g be a compact semisimple Lie algebra with complexification gC. Burstall–Rawnsley [3] associate a
unique element ξ ∈ g to each parabolic subalgebra q ≤ gC with the property that the eigenspaces of ad ξ
grade the central descending series of the nilradical of q. They called ξ the canonical element of q.
Canonical elements provide a natural realisation of flag manifolds (conjugacy classes of parabolic sub-
algebras) as adjoint orbits in g and give rise to natural fibrations of flag manifolds over Riemannian
symmetric spaces that factor through twistor space [3]. Moreover, canonical elements label certain Schu-
bert cells in the based loop group and, in this context, have been a useful tool for studying harmonic
maps of finite uniton number [2, 4, 5].
In the appendix to [1], Burstall et al. claim a characterisation of those elements of g that are canonical for
some parabolic subalgebra. They also offer a classification of the canonical elements of su(n) and so(n).
Unfortunately, their characterisation does not capture all canonical elements and their classification,
while correct for su(n) and so(2n+ 1), misses a necessary condition in the so(2n) case.
It is the purpose of this short note to remedy these deficiencies.
Acknowledgements. It is a pleasure to thank Joe Oliver and Martin Svensson for pointing out the
mistakes in [1], John C. Wood for urging me to write this note, and David Calderbank, for a very helpful
conversation during its preparation.
2. Parabolic subalgebras and their canonical elements
Let g be a compact semisimple Lie algebra with complexification gC. Recall that a subalgebra q ≤ gC
is parabolic if it contains a maximal solvable subalgebra of gC or, equivalently, if the polar q⊥ of q with
respect to the Killing form is a nilpotent subalgebra [3, Lemma 4.2]. Then q⊥ is the nilradical of q.
Remark. It follows that gC itself is parabolic. More generally, if q ≤ gC is parabolic and gˆC is another
complex semisimple algebra then q⊕ gˆC is a parabolic subalgebra of gC ⊕ gˆC.
We can construct parabolic subalgebras of gC from the eigenspaces of ad ξ, for ξ ∈ g. Since ad ξ is skew
for the (negative definite) Killing form, it is semisimple with eigenvalues in
√−1R. For r ∈ R, let gr ≤ gC
denote the
√−1r-eigenspace of ad ξ when √−1r is an eigenvalue and {0} otherwise. Then
[gr, gs] ≤ gr+s g⊥r =
∑
s+r 6=0
gs gr = g−r,
where the complex conjugation is across the compact real form g. It now follows at once that
∑
r≥0 gr
is parabolic with nilradical
∑
r>0 gr.
Many elements of g give rise to the same parabolic subalgebra but, for any parabolic subalgebra, there is a
canonical choice available whose positive eigenspaces grade the central descending series of the nilradical.
Indeed, Burstall–Rawnsley prove:
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Theorem 2.1 ([3, Theorem 4.4]). Let q ≤ gC be a parabolic subalgebra with nilradical n = q⊥. Then
there is a unique ξ ∈ g such that:
(i) the eigenvalues of ad ξ lie in
√−1Z;
(ii) For r ∈ Z, let gr ≤ gC denote the
√−1r-eigenspace of ad ξ and n(r) the r-th step of the central
descending series of n: thus n(1) = n and nr+1 = [n, n(r)], for r > 1. Then
q =
∑
i≥0
gi n
(r) =
∑
i≥r
gi.
We call ξ the canonical element of q.
In this note, we characterise those ξ ∈ g which are canonical for some parabolic subalgebra of gC.
3. Characterisation of canonical elements
Throughout this section, we fix ξ ∈ g and let gr ≤ gC denote the
√−1r-eigenspace of ad ξ. Thus
gC =
⊕
gr.
We prove:
Theorem 3.1. ξ is the canonical element of some parabolic subalgebra of gC if and only if
(1) ad ξ has eigenvalues in
√−1Z;
(2) gC is generated by g1 ⊕ g0 ⊕ g−1.
Remark. In the appendix to [1], Burstall et al. propose an alternative definition of canonical element
where the second condition of Theorem 3.1 is replaced by the more stringent requirement that gC be
generated by g1⊕g−1. Moreover, they assert (footnote 8, page 64) that this definition coincides with our
present one. However, the example of ξ = 0 (so that q = gC) shows that this assertion is false. Even if we
restrict attention to proper parabolic subalgebras, we get counter-examples from the canonical elements
of parabolic subalgebras of the form q ⊕ gˆC discussed above. In particular, maximal proper parabolic
subalgebras of so(4) fall into this category.
Proof of Theorem 3.1. Let q ≤ gC be parabolic with nilradical n and canonical element ξ. Then ξ clearly
satisfies condition (1). For condition (2), we have
gC = n⊕ g0 ⊕ n
so it suffices to show that g1 generates n or, equivalently, that, for k ≥ 1, [g1, gk] = gk+1. For this, note
that [g1, gk] ≤ gk+1 and also
[n, n(k)] = n(k+1), n(k) = gk ⊕ n(k+1).
It follows that
[g1, gk] ≡ gk+1 mod n(k+2),
whence the result.
For the converse, suppose that ξ satisfies the conditions (1) and (2). Define gk, k ≥ 1, inductively by
g1 = g1 and g
k+1 = [g1, g
k] ≤ gk+1. Further, set g0 = g0 and g−k = gk, for k ≥ 1. The parabolic q
defined by ξ has nilradical
⊕
k≥1 gk so that ξ will be canonical as soon as gk = g
k, for k ≥ 1. The Jacobi
identity and an induction gives us
[g0, g
r] ≤ gr, [g±1, gr] ≤ gr±1,
for all r ∈ Z, and then a further induction yields
[gr, gs] ≤ gr+s,
for all r, s ∈ Z. Thus ⊕r∈Z gr is a subalgebra of gC containing g1 ⊕ g0 ⊕ g−1 so that, by condition (2),⊕
r∈Z g
r = gC. In particular, gk = gk for all k and the theorem is proved. 
Remark. See Theorem 4.4 of [3] and remark (i) following it for a proof of the forward implication using
roots with respect to a maximal torus in g0.
2
4. Example
We apply Theorem 3.1 to describe all the canonical elements in so(n). Another approach would be to
use the explicit description of canonical elements in terms of roots [3]: for this, see [4].
An element ξ ∈ so(n) is determined up to conjugacy by its eigenvalues and their multiplicities. We will
see that a multiplicity can intervene in the condition for ξ to be canonical.
Proposition 4.1. Let ξ ∈ so(n). Then ξ is canonical if and only if either:
(a) For some k ∈ N, ξ has integer eigenvalues ±√−1j, 0 ≤ j ≤ k, or
(b) For some k ∈ N, ξ has half-integer eigenvalues ±√−1(j+ 12 ), 0 ≤ j ≤ k and the eigenvalues ± 12
√−1
have multiplicity at least 2.
Proof. Set g = so(n) and ξ ∈ g be canonical with eigenvalues √−1∆ ⊂ √−1R. Let Vλ ≤ (Rn)C = Cn
be the
√−1λ-eigenspace of ξ so that Cn =⊕λ∈∆ Vλ. Since ξ is real and skew for the (complex bilinear
extension of the) inner product ( , ) on Rn, we have
V ⊥λ =
∑
λ+µ6=0
Vµ, V−λ = Vλ.
In particular, we see that ∆ = −∆ and that V ∗λ ∼= V−λ, for all λ ∈ ∆.
Now, g0Vλ ≤ Vλ, for all λ ∈ ∆, while,
g±1Vλ ≤
{
Vλ±1 if λ± 1 ∈ ∆,
{0} otherwise.
Let ∆ = {λ1 < · · · < λN} and set
W =
⊕
λ∈∆,λ−λ1∈Z
Vλ.
It follows that W is preserved by g±1 and g0 and so, thanks to Theorem 3.1, by g. Since Cn is an
irreducible g-module, we conclude that W = Cn so that any two λi, λj differ by an integer. We can say
more: if some λi+1−λi ≥ 2 then
⊕
j≤i Vλj is again g-invariant which is a contradiction. Thus successive
λi differ by 1 which together with ∆ = −∆ forces ∆ to have one of the two forms required depending
on the parity of |∆|.
Finally, if ± 12 has multiplicity 1 with eigenvectors v± and η ∈ g1, then, since η is skew, 0 = (ηv−, v−)
which forces ηv− = 0 since (−, v−) spans V ∗1
2
. Thus, in this case, g1V− 12 = {0} and so
⊕
λ<0 Vλ is
g-invariant: again a contradiction.
For the converse, let ξ ∈ so(n) have eigenvalues √−1λ as in (a) or (b) with eigenspaces Vλ ≤ Cn: thus
−λ0 ≤ λ ≤ λ0 is an integer or half-integer, λ0 = k or k + 12 and dimV 12 ≥ 2 in the latter case. We use
the gC-equivariant identification ∧2Cn ∼= gC given by
(a ∧ b)(c) = (a, b)b− (b, c)a
so that
gC =
∑
λ≤µ
Vλ ∧ Vµ
with ad ξ having eigenvalue
√−1(λ+ µ) on Vλ ∧ Vµ.
We therefore have
g1 =
⊕
−λ0<λ≤ 12
Vλ ∧ V1−λ
with the multiplicity condition in case (b) ensuring that ∧V 1
2
is non-zero. Now let ` > 1 and Vλ ∧ V`−λ
be a non-zero summand of g` with λ ≤ `− λ. Then
−λ0 ≤ λ ≤ `− λ ≤ λ0
3
so that, first, −λ0 ≤ λ − 1 < ` − λ ensuring that Vλ−1 ∧ V`−λ is non-zero1. Second, we see that
−λ0 ≤ λ, 1− λ ≤ λ0 so that Vλ ∧ V1−λ is non-zero also. A direct calculation now shows that
[Vλ−1 ∧ V`−λ, Vλ ∧ V1−λ] = Vλ ∧ V`−λ.
It follows that g` = [g1, g`−1], for all ` > 1, and we conclude that ξ is canonical. 
Remark. Proposition 4.1 corrects [1, Proposition A.2] which omits the condition on dimV 1
2
in case (b).
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